This paper presents multi-level models that utilise the Coxian phase-type distribution in order to be able to include a survival component in the model. The approach is demonstrated by modelling patient length of stay and in-hospital mortality in geriatric wards in Italy. The multi-level model is used to provide a means of controlling for the existence of possible intra-ward correlations, which may make patients within a hospital more alike in terms of experienced outcome than patients coming from different hospitals, everything else being equal. Within this multi-level model we introduce the use of the Coxian phasetype distribution to create a covariate that represents patient length of stay or stage (of hospital care). Results demonstrate that the use of the multi-level model for representing the in-patient mortality is successful and further enhanced by the inclusion of the Coxian phase-type distribution variable (stage covariate).
To link to this article: http://dx.doi.org/10.1080/03610926.2015.1038394
INTRODUCTION
The proportion of elderly people in the population continues to increase in all European countries. Older people represent the fastest growing sector of society and account for the largest increase in hospital admissions (OECD, 2004) . A growth of health care service dedicated to the over 65 year old is required with increased expenditure. The increase of admission to hospitals of elderly patients with multiple co-morbidities results in an overall increase in patient length of stay (LOS). In addition, geriatric patients are at highest risk of acquired disability, cognitive decline, or admission to residential care, either as a consequence of illness or as an unfortunate consequence of treatment (Ellis et al., 2011) . For example, in Italy in 2012 the elderly people comprise 37% of the admissions to hospital consuming nearly half (49%) of the LOS days.
In the last two decades, health care agencies and other stakeholders have placed a lot of emphasis on the measure of and formal definition of hospital quality of care. Measuring and improving hospital quality of care, particularly outcomes of care, is an important focus for clinicians and policy makers. The Institute of Medicine in 1990 defines quality of health care as:
...the degree to which health services for individuals and populations increase the likelihood of desired health outcomes and are consistent with current professional knowledge (IOM, 1990) where, health outcome means the "result, often long term, on the state of the patient wellbeing, generated by the delivery of health service" (Spiegelhalter, 1998 (Kroch, Duan, Sillow-Carrol and Meyer, 2007; Lau, Fang and Leung, F. 2013) The aim of this paper is to consider a multi-level model to represent patient in-hospital mortality and incorporate within the multi-level structure, an alternative form of modelling patient's LOS using the Coxian phase-type distribution. Such an approach has never been used before to model survival times within multi-level data. This paper will attempt to assess the feasibility of such an approach for modelling patient's LOS according to different levels of care provision. This will be demonstrated through the analysis of hospital stays in all geriatric wards for all regions in Italy. The focus is not only on LOS but also on the in-hospital mortality rate, whose interrelation has been studied mostly in terms of bivariate analysis (Librero, Peirò and Ordiña, 1999) . Our analysis will also pay attention to the difference between hospitals as well as between regions given that the Italian National Healthcare System recently transferred several tasks from the central government to the administration of the regions. The current system gives the regions significant autonomy with revenue 3 ACCEPTED MANUSCRIPT
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and in organizing services (as healthcare services) designed deliberately to better satisfy the needs of their respective populations. The paper is structured as follows: Section 2 reports the definitions and the descriptions of the methods used to evaluate LOS and in-hospital mortality rate, and Section 3 reports the description of the dataset. Section 4 shows the main results and finally Section 5 presents the conclusions.
METHODS
The following section describes the modelling approaches used in this methodology.
THE LENGTH OF STAY IN GERIATRIC WARDS
The effective care of elderly patients in hospital may be enhanced by accurately modelling the patients' LOS in hospital and the associated costs involved. The management of the care of elderly patients in hospitals may be improved if there was a model to represent and predict the LOS. For instance, if a hospital manager were able to estimate the duration of stay of patients on admission to hospital, the ward could be more efficiently managed with better allocation of beds and resources (Marshall and McClean, 2004) . The distribution of the LOS of elderly patients in hospital tends to be highly skewed in nature where there is usually a large peak in the distribution at the start which then gradually tails off as duration increases.
Past investigations of modelling LOS in geriatric wards have led to the discovery that a twoterm mixed exponential model produces a good representation of patient survival (Millard, 1991) . Since then further research has provided evidence that the mixed exponential models can be enhanced with the incorporation of more complex compartmental systems and more sophisticated stochastic models such as the Coxian phase-type distribution.
Coxian phase-type distributions are a subset of the widely used phase-type distributions introduced by Neuts in 1975. They have the benefit of overcoming the problem generality within phase-type distributions by only requiring 2n−1 parameters to describe a distribution requiring n phases, whereas the general phase-type distribution requires n 2 +n (Neuts, 1981) . remand times and the lifetime of male rats (Faddy, 1994) . Marshall et al. (2003) used the Coxian phase-type distribution to model the career progression of students at university where the process can be thought of as a series of transitions through latent phases until an event of leaving the university occurs due to graduation. However most applications of the Coxian phase-type distribution has been in modelling the length of time spent in hospital. In particular Faddy and McClean (2005) showed that the Coxian phase-type distribution was appropriate for describing the length of time United Kingdom geriatric patients spent in care.
They have also been used to model the stages of progression of the patients from first entering the hospital through to the individual leaving due to recovery or death. The transitions through the ordered transient states could correspond to the stages in patient care such as diagnosis, assessment, rehabilitation and long-stay care where the patients eventually will then reach the absorbing state of the Coxian phase-type distribution corresponding to their departure from hospital either through discharge, transfer or death (Faddy and McClean, 1999) .
Methodologically speaking, the Coxian phase-type distribution represents the time to absorption of a finite latent Markov chain in continuous time where there is a single absorbing state and the stochastic process starts in a transient state. They describe the probability P (t) that the process is still active at time t and differ from the general phase-type distributions in that the transient states (phases) of the model are ordered. The process begins in the first phase and either moves sequentially through the phases or into the absorbing state.
In other terms, a Coxian phase-type distribution results when the transient states have a natural order and only forward transitions between them may occur. These phases may be used to describe the stages of a process until termination, in which the number of phases and transition rates are latent and need to be estimated as described in Figure 1 .
It is possible to attach to the transient states in this model some real world meaning for example within a hospital environment each of the stages could be thought of as the progression of recovery where the first state could be admittance followed by diagnosis, treatment, rehabilitation. During each state the individual can leave hospital due to discharge, transfer 5 ACCEPTED MANUSCRIPT ACCEPTED MANUSCRIPT Let (X(T ); t ≥ 0) be a latent Markov chain in continuous time T with states 1, 2, ..., n, n+ 1 and X(0) = 1
and for i =1,2,...,n
where states 1,2,...,n are latent (transient) states of the process and state n+1 is the absorbing state, λ i represents the transition from state i to state (i +1) and µ i the transition from state i to the absorbing state (n+1).
The probability density function of T can be written as follow:
where:
Q is the matrix of transition rates between states,
.., µ n ) T and p = (1, 0, ..., 0).
The survival function is given by
where e is a column vector of 1's. The number of parameters in a Coxian phase-type distribution is equal to 2n − 1. The Coxian family is dense in the class of all distributions on [0, ∞] and is appropriate for estimating long-tailed distributions. It turns out that T can be represented as
is the survival distribution of W k . Marshall and McClean (2004) derived the formula to represents the LOS in terms of k phases. Let π i be the proportion of individuals departing the system from the i th phase and calculated as:
...
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Patients may then be divided into groups according to their LOS where the data is grouped in the ratio π 1 : π 2 : ... : π k . In general the k th LOS group S k can be determined by the following equation:
where t (1) , ..., t (m) represents the ordered LOS data for each patient and m represents the number of patients in the data set. The patients' details within each LOS group may then be examined to determine if they have any common characteristics.
THE ANALYSIS OF IN-HOSPITAL MORTALITY RATE USING A MULTILEVEL

REGRESSION MODEL
The use of in-hospital mortality rates in the comparative evaluation of quality of care has been proposed by several authors (for an depth analysis see for example Berta et al, 2013) .
Different statistical methodologies have previously been proposed for risk adjustment of this outcome to account for case-mix differences across healthcare providers so that the outcomes can be legitimately compared despite differences in risk factors. One of the most straightforward approaches to risk adjustment of an outcome, to compare providers, is to estimate an expected value for each provider's outcome based on the relationship between the outcome and its risk factors. The use of multilevel models (also known as randomeffects models or hierarchical linear models) was proposed to study the relationships between outcomes and variables related to this phenomenon (Goldstein, 2005; Hox, 2010; Rice and Leyland, 1996) . The aim of multilevel models is to control for the existence of a possible intra-ward correlation, which may make patients within a hospital more alike in terms of experienced outcome than patients coming from different hospitals, everything else being equal. Moreover, due to the autonomy in the Italian regional healthcare services, the model has to control the existence of a possible influence that may be made by regional policy for the quality of the geriatric wards. The idea to use multilevel modelling arises from the consideration that, in the Italian power in health themes and each care unit is allowed to establish its own effectiveness criterion (Fig.2) , within a clearly defined legal framework, whilst the central health authority dictates the criteria for hospitalization. Variables for risk adjustment can be measured at each level and the variance of the outcome can be attributed to every level. Multilevel models can provide substantive difference to interpretation and represent a better insight (Jones, Wright and Bell, 2012 ).
The multilevel model considers the three levels; the patient as the first level (P1, P2, P3 etc.), the ward as the second level and region as the third level, as follows:
where π ijk is the probability of the death for the patient i in ward j in region k, conditional on the variables X; u 0jk is the unobserved hospital random effect of the intercept amongst wards, with u 0jk ∼ N (0, σ 2 u ); γ 0k is the random variation of the intercept amongst regions, 9 with γ 0k ∼ N (0, σ 2 γ ) and ijk ∼ N (0, σ 2 ). Random components at different levels are assumed uncorrelated, whilst non-null correlations are assumed for patients in the same wards or in the same region. The random effect among wards can be interpreted as the relative effectiveness of hospitals with respect to outcome adjusted for fixed coefficients related to patient, ward and regional characteristics. The u 0jk estimates showing the specific managerial contribution of the j th wards to the risk-of-mortality and their 95% confidence intervals (CIs) identify hospitals with CIs under or over the mean of the risk-of-mortality.
THE ITALIAN GERIATRIC WARDS
The data used in this paper consists of the ordinary admissions of 138,197 patients aged From a supply point of view, the 197 geriatric wards had on average 24.5 beds in their ward (minimum=4, maximum=147, standard deviation=17.50) and hospitalized on average 701 patients (minimum=58, maximum=7407, standard deviation=960.92) during 2009. The ownership of the hospitals consisted of 83% public, 13% private for-profit, and the remaining 4% private not-for-profit. At a regional level, there were on average 9.8 (SD=7.88) geriatric wards per region, with extremes in the system where Friuli Venezia Giulia had only one geriatric ward and Sicilia thirty.
RESULTS
A multilevel model is used to model patient mortality rates by taking into consideration three levels within the model; the patient, hospital and region. The resulting model was then extended to include a covariate for patient LOS. This covariate is created from fitting the patient LOS to a Coxian phase-type distribution which forms stages of LOS (care in hospital).
This covariate is surely endogenous to some extent, being estimated from the same dataset as the model. As a matter of fact, endogeneity is relatively common in multilevel modelling, as it is considered unrealistic that the explanatory variables are always independent of the random error components (Spencer and Fielding, 1999; Ebbes and Bockenholt, 2004) . The issue has been addressed explicitly in the case of a covariate non independent of the random effects in the model, indeed this variable may be regarded as endogenous and it could itself be modelled using the same data (Spencer and Fielding, 2002, p.103) . In order to adjust the model estimation so to incorporate the extra variance coming from the generated regressor term, we applied the MCMC procedure as the preferred form of estimation for realistically complex models. The key aspect of the approach is that it allows a building block approach to estimation; whereby complex problems are decomposed into lots of small ones which are then linked . We used the software MLwiN, version 2.27 Subramanian, 2012, updated version 2014) . The results are outlined below.
THE LENGTH OF STAY
The highly right skewed patient LOS distribution is illustrated in Figure 3 LOS is eleven days (SD=8.67), the median nine days and the maximum 100 days.
Figure 3: LOS of Geriatric Patients in Italy, 2009
A logrank test was conducted to compare survival distributions for LOS according to the separate patient characteristics. Table 1 shows that, for all variables (except for age), we reject the null hypothesis of equality for the survival function across all categories.
As shown in previous papers, we can suitably represent LOS using the Coxian phase-type distribution by coding the EM-algorithm to perform iteratively in C. At each iteration, the new parameter estimates are calculated by solving a system of homogeneous linear differential equations using the Runge-Kutta method of fourth order. The programme stops when no further significant contribution can be made with the addition of another phase. The Akaike information criterion (AIC) was then calculated and used to find the most appropriate model to represent the data. The results show that the five phase Coxian distribution most suitably represents LOS of geriatric patients in Italy. The loglikelihood for 5 phases was -458860 and 12 ACCEPTED MANUSCRIPT ACCEPTED MANUSCRIPT is nested in the subsequent one and the chi-square can be applied accordingly (Marshall and McLean, 2004; Garg, McClean, Meenan and Millard, 2011) . However, it is important to note that some of the parameters µ i associated with phase 2 and 3 in Table 2 are equal to zero. This would suggest that no one is observed leaving the first phase and third phase.
These are aggregated with the neighbouring phase, in this case phase 2 to produce a three stage model. Hereafter, the term stage will indicate a set of sequential phases with estimates of µ i approaching to zero aggregated together with the closest phase associated to a strictly positive µ i as indicated in equation 7. In effect, the phases with small values of µ i parameters are redundant and only the most dominant phases with the largest µ i values are meaningful.
This will also prevent an over-fitted model as reported in earlier literature (Marshall et al. 2012) . In each stage we calculated the probability of leaving the hospital ward due to death, transfer or returning home. The crude in-hospital death rate was on average 10.5 with a minimum value equal to 0 and 14 ACCEPTED MANUSCRIPT ACCEPTED MANUSCRIPT a maximum value equal to 34 per 100 discharges. In-mortality death rate was the response of a logistic regression model (8), whose intercept was considered as being random at both the hospital and regional levels. The covariates considered were
• at the patient level: Gender, Age, LOS, Admission in Emergency, Comorbidity (Elixhauser Index), Surgery, Trauma, Chronic disease, Disease (Circulatory, respiratory, other);
• at the ward level: Number of beds and Ownership (In this case, the Hospital's ownership was considered as a ward level);
• at the regional level: Regional Index of Good Health and Regional political government.
We wish to explore the advantage of results obtained in the analysis of LOS. In particular, we will change the continuous covariate LOS (in days) to the categorical variable Stage.
In general the replacement of the continuous variable with a related categorical variable could give a better interpretation of the odds ratio for a logit model. We will evaluate the improvement on the model using the AIC value. In particular the multilevel model with the complete set of covariates has a value of AIC equal to 85296, while the same model with the categorical covariate Stage has a value of AIC equals to 79438. This result suggests that the inclusion of the stages of the Coxian phase-type distribution has a significant contribution in the multilevel logit model to evaluate the effectiveness among the Italian geriatric wards.
The and respiratory diseases lead to a higher risk of dying than other diseases. By considering the ward characteristics, public hospitals had a higher risk of mortality compared to the other, while the number of beds was not significantly associated with the risk of dying. At the regional level, the index of good health seems to affect negatively the risk of mortality, while the patients in democratic regions has a lower risk of dying than those in the republic regions. Figure 4 shows the rank of the wards with respect to the mortality rate, according to the value of u 0jk . As indicated in Section 2.2, the 95% confidence intervals identify wards under or over the mean (that is represented by the value 0 on the co-ordinates) of risk of mortality. In particular a 95% confidence interval about the mean highlights a ward with a risk of mortality greater than the overall mean. On the Figure 4 , adjusted for the other covariates, 33 wards have a risk of mortality greater than the overall mean.
CONCLUSION
This paper introduces a multi-level model that incorporates information taken from the 
